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Abstract 

We show a large N reduction on S^ in a BPS sector for a broad class of theories 
: Af > 2 supersymnietric Chern-Simons theory with any number of adjoint and 
_. bi-fundamental chiral multiplets. We show that a localization method can be 

flj , applied to the reduced model and the path integral can be written by a multi- 

(^ ' contour integral. By taking a particular localization configuration, we also show 

that the large N equivalence between the original theory on S^ and the reduced 
pg ' model holds for the free energy and the expectation value of BPS Wilson loops. 

^ I It turns out that the large N reduction on S^ holds also for the M-theory limit. 
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1. Introduction 



Large N gauge theory is one of key ingredient for exploring non-perturbative 
aspects of gauge theory and string theory. For example, the 1/N expansion [l| 
has been an useful tool for understanding the phase diagram of QCD. Further- 
more, the gauge/gravity duality @, y, |j| and the matrix model [a, fi 0] have 
suggested that many large N gauge theories are related to string theories. While 
large N limit often make analysis of gauge theory simpler, it is generally difficult 
to solve the large N limit of the gauge theories. 

However, a drastic simplification occurs by using the large TV reduction [Sj 
for some large N gauge theories. It asserts that the planar large N limit of 
gauge theories can be studied by their reduced models with some assumptions, 
which can be obtained by dimensional reduction. The original idea does not 
work in general because of the spontaneous breaking of the U(l)^ symmetry in 



the reduced model [9f , which led to various proposals [3, ]1Q, [ll|, [l3, E, 13 Il5 |- 
A naive question is "how is the large N reduction generalized to curve 
space?" . This generalization was firstly proposed in [16| for S^ and then gener- 



alized to the case for semi-simple compact group manifolds [17| and their coset 
spaces [18|. This proposal is based on correspondence of each Feynman dia- 
gram and lifting fiat directions up due to mass terms. If such a generalization 
is possible, this can give an insight to emergent geometry in matrix model and 
non-perturbative regularization of field theories on curved spaccp. However, suf- 



^ There are some proposals in this direction [l9l . [20l . |21| . [22 



ficient conditions for the correspondence has not been estabhshed yet and there 
are only few examples of nontrivial test 23|, |2J, |25[ \2^ |27|, |28 |. 



In this paper, we consider the large N reduction on S^ for a broad class 
of theories: three dimensional Af > 2 supersymmetric quiver Chern-Simons 
matter theories (CSM) with any number of adjoint and bi-fundamental chiral 
multiplets. For example, such a class of theory includes the ABJM theory [29| 
as a special case, which is the leading candidate of low-energy effective theory 
of M2-branes. While many supersymmetric quiver CSM theories in the pla- 
nar limit have been conjectured to be dual to superstring theories on certain 
backgrounds, the gauge/gravity duality suggests that these theories are also 
dual to M-theories on certain backgrounds 29|, |30|, |31 1 for another large N limit 



called "M-theory limit". Although the large N reduction has been considered 
only for the planar limit so fao, here we ask a question: "Does such a drastic 
simplification occur also for the M-theory limit?" . This question is highly non- 
trivial in the following reasons. First of all, we do not well understand general 
properties of the field theory in the M-theory limit although there are recently 
a few developments [3J, |35J . Secondly we cannot use any perturbative argu- 
ments in the M-theory limit. Finally, it is nontrivial whether an usual large 
N factorization as for the planar limit occurs or not in this limit. Therefore, 
we ex pec t that usual arguments by Schwinger-Dyson equation [8| and coherent 



state 



36j, ll5[ are not also useful. Thus, we need a non-perturbative method in 
order to answer the question. In this paper, we adopt a localization method to 
study non-perturbative aspects of the theories as such a method. 

Localization methods have been played important roles and brought many 
exact analyses in (topologically twisted) supersymmetric theories. Generically, 
it is difficult to evaluate path integrals exactly in quantum field theories or even 
in reduced models with finite degrees of freedom such as instanton partition 
functions. When a theory possesses supersymmetry and one can apply a lo- 
calization formula in the theory, the path integral reduces to a multi-contour 
integral (matrix model) or a summation. For example, the path integrals for 
instanton partition functions in four dimensional Af = 2 supersymmetric gauge 
theories are calculated exactly by an equivariant localization formula and reduce 



to finite summation labeled by Young diagrams [37[ . The analyses by the local 



ization formula reproduce the results obtained by analyzing infrared structure 



of coulomb moduli spaces [38 1. 



Recently, there have been many progresses in a localization method for four 
dimensional Af > 2 rigid supersymmetric field theories on spheres attributed 
to [39|. For instance, it is shown that the expectation value of the circular 
BPS Wilson loop in the TV = 4 super Yang-Mills (SYM) theory on S"' can be 
described by a Gaussian matrix model. This originally has been conjectured in 
40, Sll in the context of AdS5/CFT4 correspondence. 



The localization method can be also applied to supersymmetric CSM theo- 



^ The so-called orbifold equivalence for the M-theory limit of the ABJM theory 29| was 
considered in l32ll33ll. 



ries on S^ and has expected to be useful for quantitative tests of the AdS4/CFT3 
correspondence. In fact, the authors of [421 constructed off-shell Af = 2 super- 
symmetry on S^ and showed that the expectation values of the BPS Wilson 
loops and the partition functions in the N = 2 supersymmetric CSM theories 
can be described by certain matrix models. This is generalized to the general 



i?-charge assignments for matter chiral multiplets in [43|, |44| . Especially, the 
ABJM matrix model is analytically continued to the CS matrix model on the 
lens space 8^/1^2 [lal. Large N-duality between the pure CS theory on the 
lens space and topological string on local P^ x P^ [4^ enables to derive large 
't Hooft coupling behavior of the BPS Wilson loops [431 ^^^ the degrees of 
freedom of multi-parallel M2-braneo (48|] . Many other application based on lo- 
calization methods in three dimensional supersymmetric theories are achieved, 
for example see (iol. lisl. H, IP. Isollsills^ . 



In this paper, we consider the large N reduction on S^ for any J\f > 2 
supersymmetric quiver CSM theories. In this class of theory, we show via the 
localization method that the large N reduction on S^ for a kind of BPS operators 
holds both in the planar and M-theory limit. 

This article is organized as follows. In section [2l we briefly review the large 
N reduction on S^ and construct the reduced model for general Af > 2 super- 
symmetric Chern-Simons theory. In section[31 we apply the localization method 
to the reduced model and show the partition function is described by matrix 
models. In section 0] and [SJ we argue about the large N correspondence for the 
planar and M-theory limit, respectively. Section [6] is devoted to a conclusion. 

2. Review of large N reduction on S^ 

In this section, we review the large N reduction on S^. For the detail, see 

2.1. Large N reduction on S^ 

In order to give intuitive understanding of the large N reduction for readers, 
we first consider the large N reduction on S^ as the simplest example ,53|. Let 
us consider the matrix quantum mechanics on S^ with the radius Z, whose action 
is 



'^7 Jo ''^'[2[T.) +fe^' + 4^> (1) 

where (j){x) is an NxN hermitian matrix valued and ^ is the dimensionless mass. 
Making the Fourier transformation 4>{x) = X]^-oo </)'•"•' e™^/^, the action in the 



■^ The free energy in the ABJM theory is also numerically studied for arbitrary rank and 
level in [JtII. 



momentum representation is given by 



S 






Tr 
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JiE("'+^')'^^"V(-"' 



(«l)A(n2) J,(n3) J,(n4) 



(2) 



ni,n2,"3,n4 

where Vgi = 2Trl is the volume of S^. Let us consider the free energy in the 
't Hooft hmit: 

N ~^oo with A = g^N = fixed. (3) 

The planar contribution at 2-loop level is 

^2— loop 

) 2 / , 0ni+n2+n3+ni,0 Va, 

ni ,n2,n3,n4 

1 Ag'r '^ 



F, 



planar 

1^ 



25^ 



2.9^ V Vs^ 



a(«i) a("2) , ^("3) ,("4) 



E 



= 7V^- 



\l' 



E 



1 



2^l^„^ ("?+e^)(«i+a' 



(4) 



where 



^irvir^ 



denotes the propagator. 



In order to obtain the reduced model, we apply the following rule: 

cj>{x)^e^P^cjye'^P\ g^gr, (5) 

where </) is an M x M constant hermitian matrix and P is the diagonal matrix 
taking the form 



P = idiag ( 



-v+1 -V + 'i V -1 



/ ° V 2 ' 2 ' '2 
Then the action of the reduced model is 



In with vN = M. (6) 



V.i. 



1, 



1 



^^^^^'^l^^f'^'^^' + l^'^' + i'^'*' 



(7) 



where Tr^ stands for the trace over M x M matrices. If we decompose (f> into 
aN X N matrix 0(^'*) {s,t = 1,2,- ■■ ,v) as 



(i',!) 



(l.'')N 



<?!.('^^''). 



then we can rewrite the action as 



:^,T.((P^-P^)' + ^') '!>'''' <l>''^''+\ E 



(8) 



(s,t) i{t,u) ,{u,v) ,{v,s) 



(9) 



where Ps = — x^ + (*"!)• Now let us compute the free energy in the reduced 
model at 2-loop level and take the 't Hooft limit: 

A^ ^^ oo, ly ^ oo with Xr = qIN = fixed. (10) 

The planar contribution at 2-loop level is 



p2 — loop 
r, planar 




- 252 ^ '^"^ '^"^ 


Vsi 



l{u,v) :{v,s) 



i (^) E '5-'^"'^™^ 



XJ^ x-^ 1 



25r V Vs^ J ^^^^^ ™ ((P. - P,f + e^)((P« - P.? + C^) 



"1,"2 



2^5^„fr.K+a("i+a- 



Therefore, if we identify A^ = A, we find 

p2 — loop p2— loop 

planar __ r, planar 

7V2 = ~~NHr' 



(12) 



Although the non-planar diagrams do not correspond with each other, these 
are relatively suppressed by the order of Oi^jN"^) against the planar diagrams. 
This correspondence is based on coincidence of all planar diagrams. Intuitively, 
the constant matrix P ([6]) supplies the "missing Kaluza-Klein momenta" along 
the iS^-direction associated with the dimensional reduction. Such a mechanism 
occurs only for the planar diagrams in general. From this point of view, we can 
regard the role of the parameter v as the UV cutoff in the theory. 

2.2. Large N reduction on S^ 

In this subsection, we briefly review the large N reduction on S^. Let us 
consider the scalar field theory on S^ with the radius I, whose action is 

^=^y^Tr(^--(/:.0) +_0 +-0j, (13) 

where Vgi = 2tt^I^ is the volume of 5*^ and £i {i = 1,2,3) is the Killing vec- 
tor on the unit S^. In order to obtain the action in the angular momentum 
representation, we make the spherical harmonics expansion as 

J 

0(^(3)=^ Y, 0JmmX7mm(r!3)=^0jrj(r!3), (14) 

J m,rh— — J J 

and use the identities 

C^,Yj{ns) = J{J+l)Yj{Q3), (15) 

/ ^;^^Ji(^3)Xj2(^3) = Sj.jJrn^n^Srhifh.^, (16) 



where ^/(Oa) is given by 17(^^3) = (-l)"-"yj-(f^3) with J* = {J,-m,-m). 
Then we can rewrite the action as 

^ = ^Trf|5](-ir-"(j(j+i)+e')0j</.j. 

+1 E VjtljsjJ^r^f'^^^^^^^X (17) 



4 

J 1 , J 2 t" 3 7" 4 

where Vj j j j is the 4-point vertex 



<1.J3J. - / ^>^Jx(^3)Fj.(fl3)lj3(f^3)lj,(f^3). (18) 

Let us consider the free energy in the 't Hooft hniit {N — > 00 with A = g'^N = 
fixed) again. The planar contribution at 2-loop level is 

p,2-loop 

-^planar _ ->- V^ 1/(4) 1 7. 1 1 

Jl,J2^J3,J4 

_ 1 fg'i'V^.A^) , ,_, . (-1)™-'^^ (_i)™3-^3 



E VjtllJsJ'J^'^^bbScaSdd- 



2g^\Ws3j ^ •'i-'i-'^-'3""""""""""""Ji(Ji + l)+e J3(J3 + l)+e 



iV^ 



^ V 1/(4) (-1)"^""^ ^-xr^-ra. 



8^53 f^, JiJiJ-JJ J,(J, + 1) + ^2 J2(J2 + l)+e' 

"^ Jl,J2 

In order to obtain the reduced model, we apply the following rule: 

0(^3) ^G-VG, g^gr. (20) 

where is an M x M constant hermitian matrix again and G is the represen- 
tation matrix of SU{2) in the ^/-dimensional representation whose generator 
ifl 

L, = ^4"''^ (»1n with ns = n + s-^^--, (21) 



s=l 



-(") 



where L^ denotes the n-dimensional irreducible representation of SU{2). 
Then the action of the reduced model is 

Sr = ^TrM (-^[U,^r + ^,4>' + l^') . (22) 

If we decompose (j) into a UsN x utN matrix 0^*^*) (s, i = 1, 2, • • • , z^) again as 

(1,1) ... 0(i-)\ 

: , (23) 



* In [ITII . the authors have been proposed another representation of the generator Li 
)^_j L^"' eg) Is ® Ijv- Here we do not consider the baclcground. 
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and expand 0^*''*' in terms of the scalar fuzzy sphere harmonicqj: 

Js +jt J 



J=\js-Jt\m=~J 



(24) 



I" 



aC".*) V 



where (/ijn/ is a iV x A^ matrix. In order to rewrite the action in a convenient 



form, we use the identity 
and the orthogonal relation 



(25) 



(26) 



where Yjt^ is given by Y^\, = {-l)"'-^^^-^''>Yp with Jjt = (J^-mJtJs) and tr 
stands for the trace over {2jt + 1) x {2jt + 1) matrices. Then we can rewrite the 
action as 



VgaTl 



i E Ei-^r-^'-'^'HAJ + 1) + em U;'U[ 






S:t J 



4 E E ^k^irir^(^"'^'^irvirv, 



'J4 



,(27) 



where Kjatrtuijuuiji,s is the 4-point vertex 

Let us consider the free energy in the following limit: 

n . , , g^N 

Jy —>■ oo, I/— ^cxD, >-cx3 with Ar = = hxed, 

ly n 

which is the counter part of the 't Hooft limit in the original theory. 
The planar contribution at 2-loop level is 



(28) 



(29) 



r^2 — loop 

r, planar 



,(s,t) At,u) ,{u,v),(v,s) 






f frl 



2;2 



2g2 yAnVs^ 



E E ^j''J-+J-J3-t'5ac^t6<5, 



ca^dd~ 



s,t,f JIf ,J|" 



2, v_v V y^"*^ 



l_\\mi-(js-jt) (_\\m3-{j^-j^) 

(_l)™i-(is-it) c_2)™2-(js-j\i) 



i"jr^ Ji(ji + 1) + e" J2(J2 + 1) + e' 



(30) 



For details of the fuzzy sphere harmonics, see [Appendix B] 



In the limit (1^^ . we can identify as rhi — js — it, ^2 = js — jv, "^3 = jt — jv by 
reading from the relation |16| 

Therefore, if we make the identification A,. = A, we obtain 

N^vVs'S ~^ i^'Sy^Z^Z^ J1JIJ2J5 J^(J^ +1)+ ^2 J/ J2 + l)+ ^2 
■^ rris Ji,J2 

XX sr^ sr^ ,,(4) (-l)™i-(J=-i*) (-iyn2-Us-h) 



8^93 4- /-; JiJiJ-J5 j^^j^ + i)+e J2{J2 + i)+e 

^ ma Ji,J2 J ^ \ / ^ 

77i2 — loop 

planar 



mvc 



S3 



(32) 



Although the case for S^ seems more complicated than the case for S*^, 
essential features are same with each other. Similarly for the S^ case, the 
parameters n and v play the role as the UV cutoff of the angular momentum 
along 5*13. While we have demonstrated large N equivalence at two-loop level 
only for the free energy, we can also see perturbative coincidence for correlation 
functions [25|. 

2. 3. Construction of Large N reduced model for supersymmetric quiver CSM on 

In this subsection, we construct large N reduced models for supersymmetric 
quiver CSM theories on 5*^ [l9| . In general, the action of supersymmetric quiver 
CSM theory is decomposed as 

S — ScS + Sym + S'matter, (33) 

where ^cs, Sym and 5mattcr are the action of the Chern-Simons, Yang-Mills 
and matter part, respectively. In the following, we construct the reduced model 
of each part. 

CS part 

The Chern-Simons action for the Af — 2 vector multiplet is given by 



ik 



jTi-AAdA--iAAAAA+ {-XX + 2aD)^d^x , (34) 



where k is the Chern-Simons level. In order to apply the prescription (I20p . we 
rewrite the derivative term in terms of the Killing vector. Expanding the gauge 



^ Strictly speaking, when we regard 5"^ as the S^ bundle over S^, the parameter n and v 
correspond to the UV cutoff along 5^ and S^ , respectively [lal . 



field as A — X*e' and using tlie Meurer-Cartan equation, we derive 

dA = dX, A e* + Xide' 

2 1 



iJtXj + -eijkXk ]e' Ae\ 



(35) 



where Ji is the Killing vector on the unit sphere. In this way, we obtain 



AAdA iA A AAA 

3 



^X, (iJ.Xk + ^ejkiXi^ - ihi,X,Xk \ e* A e^ A e'= 
iye.jfeX, JjXfe + yXf - i^eyfcX.XjXfc |. l^d^i. (36) 



The prescription for constructing the reduced model is 



^iSlz) -^ G-^<I>G, 



1 



Att 



— > 



als. 



(37) 



where <& represents the collection of the components fields in the theory. Then, 
the action of the reduced model is 



5r 
cs — 



5cS,r 



Tr 



ije,jkX,[Lj,Xk] + jXf-t-e,jkX,XjXk-XX + 2aD^. (38) 



Here note that we can absorb ~jLi into Xi as 



Li + Xi 



X,. 



After the absorbing this factor, we obtain the simpler action as 

.2 



SI. 



cs 



■^ ^" -X?-i-e,jkX,XjXk-\\ + 2aD 



.9cs,r 



Tr 



(39) 



(40) 



which corresponds to the dimensional reduction of the original action l\iA\ . The 
equation of motion for Xi is 



[ Xi,Xj ] — ~i-reijkXk, 



which can be solved as 



^^ = -T0^i ®1a^. 



(41) 



(42) 



/=! 



where Ll"' denotes the n/-dimensional irreducible representation oi SU{2) with 
'Ylii'^-i^i = M. Since this solution includes —jLi as the special case, we can 
realize the action psp if we expand Xi around the solution as 



Xi — > — -Li + Xi 



(43) 
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Thus, the rule for generating the reduced model of the gauge theory on S^ 
becomes simpler as follows 



k 



$(^3) ^ 1>, .iM^z) -> 0, — 



1 



47r 5CS,: 



(44) 



In order to realize the original theory, we have to expand the gauge field as 

Xi —7- — J Li + Xi. 



YM part 

The action of the TV = 2 SYM on S^ is given by 



Vs 



'YM 



dn^ 



9ym J 27r 



Tr 



1 



7^1 + o(Aa)^+oU? + T 



--AfAA+-A[a,A]--AA 



(45) 



where Dia — dia — i[ Ai,a ]. Similarly for the Chern-Simons term, we rewrite 
the field strength as 



F 



dA -iAAA 



1 



r,^ijk S ji^klmJl^rn + T-'^fe — ^efc(m[ ^h^rn ] f e' /\ 6'' • 



,a'b' ' 



The covariant derivative of the fermion is 
Applying the rule 

$(r23) -> $, Jj$(rj3) -> 0, gvu -^ gVM.r, 

the action of the reduced model is 



(46) 



or 
•""YM 



9ym, 



-Tr 



1 / 2 



1, 



o{lX^- T:^^M X,,Xk ] - [X,,ar + -[D + - 



2 V / 



-iA7MX.,A] + ^A[a,A]-|AA 



(47) 



Matter sector (hi- fundamental) 

The action of the chiral multiplet with the bi-fundamental representatior|3 
under the gauge group G = U(N\) x U{N-2) is given by 



'' I d^z (£km + /:pt), 



(48) 



^ Note that this case also includes an adjoint matter representation under G = U{N) as a 
special case. 
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where >Ckin and £pt are a kinetic term and a potential term with higher powers 
of the matter fields, respectively. £kin is given bjo 



Ain = Tr 



D,^D'(t> + 4>iaA - as)'0 + ^i^^J 



(j){aA - ctb) 



g(2 - q) 



i^{DA~DB)(b + FF 



-i^jWi^p + iipicTA - cfb)^^ —-I — V"/' + i^^i^A - Xb)4' - 'i4'{>^A - Ab)^' 



21 



where q is the dimension and R-charge of (p. Each matter field is A^i x iV2 matrix 
and Dicf) = di4> — iA^cj) + i(j)Bi. 
The reduced model is given by 



(49) 



a 



kin 



Tr 



(X,0 - 0K,)^(X,0 - 0r,) + ^{aA - <JBf<i> + '^^'^, ^H {<yA - aB)<l> 



qi2~q) 



i(l){DA-DB)4> + FF 



-ipYiXiip - tpYi) + iip{aA - ctbH - 



q~2 



ip^j + iipiXA - >^b)4' - i(t>{^A - As)V' 



(50) 



where (Xi,crA,£'yi, A^) : Mi x Mi matrix , {Yi,aB,DB,XB) ■ M2 x M2 matrix 
and (0, F, ijj) : Mi x M2 matrix. 

3. Localization 

We briefly explain the concept of the localization formula in our interest. 
The partition function of a supersymmetric theory is written in schematic way 
as 



Z= fv<Pexp{-S[<!>]), 



(51) 



where <& represents the collection of the components fields in the theory. S[^] 
is the action invariant under the nilpotent supercharge Q. We choose one of 
the supercharges Q and deform the action by one parameter family of Q-exact 
term as 5'[$] + iQ • ^[*&]- We assume Q ■ V respects the symmetry of the theory 
and its bosonic part is positively semi-definite. The Q-invariance requires that 
the expectation value of Q-closed operator 0($) and th partition function are 



Since Cpt is irrelevant in the context of this paper, we do not write down this exphcitly. 
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independent of the coupling parameter t. When we take the hmit t — ^ oo, 
the path integral is exactly evaluated with the quadratic order of fluctuation 
fields, namely one-loop of Q ■ V[^] around the localization field configurations 
Q ■ V{^o) = 0. Then, the localization configuration only contributes to the 
action at classical level. Then the expectation value is formally written as 

. . ^ E^og(^o)exp(~5[$o])Zi_ioop($o) 

^ ' E*oe^P(-^[*o])^i-ioop('i>o) ■ ^ ' 

Here J2<s> stands for the summation over the configurations with Q ■ V{^o) = 0. 
As we will see later, it is actually not summation rather multi-contour integrals 
of the scalar a in the vector multiplet. ^i-ioop is the one-loop determinant of the 
fluctuations around the localization configurations. In this section, we evaluate 
the one-loop determinant of the dimensional reduced Af = 2 supersymmetric 
CSM theories. 

3.1. Gauge sector 
Localized configuration 

Since the reduced Af = 2 SYM action SyM itself is rewritten as (For the 
derivation, see [Appendix C ) 

rl- 



eeSyM = ScSeTrM 



XX - 2Dcr 
2 



(53) 



we can choose the deformation term Q ■ V a,s the reduced Af — 2 YM action 
SyM- From the action (j47l) . the localized configuration is determined by the 
equation 

[X„X,]=-ije,,kXk, [X,,a]^0, D + j = 0, A = A = 0. (54) 



This can be solved as 

^^^—l^^t'^®^^s^ a = 01„, ®ajv.(:=a), D ^ -- (55) 

where LJ"° s denote the ris-dimensional irreducible representation of SU{2) 
with J2s ^sNs — M. Note that there is an important difference from the orig- 
inal theory. There exists the nontrivial configuration of the gauge field at the 
localization points contrary to the case for the original theory. 

In order to realize the field theory on S^, we specify the representation as 
Us — n + s — ^^^, Ns — N, namely, Xi = —jLi and ajy^ = (Tq- Substituting 
((55|) into the reduced A/" — 2 supersymmetric Chern-Simons action ([iU)). the CS 
action on the localized field configurations becomes 

Scs = ^ TrcTg, (56) 

9cs,r 

up to an irrelevant constant. Here the trace "Tr" is taken over N x N matrix. 
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1-loop determinant 

Here, we evaluate the one- loop determinant of the M = 2 SYM action around 
the localization points (|55|) . In order to obtain the action at the quadratic order 
of fluctuation fields, we expand the fields around the localized configuration as 

2 I ^ _ f 

D^-j(jo + ^D, A^^A. (57) 

t \'t \/t 

Then, the quadratic action for the reduced Af = 2 SYM is given by 



•^YM I Gauss " ^rji/ 



1 /2\^ /- -\2l/2 

-jXf[ L,, A ] + ^A[ a, A ] - JAA + D^] . (58) 



Since D has the Gaussian form, this is trivially integrated out. In order to 
perform the path integral over the fluctuation fields, we introduce the vector, 
scalar and spinor fuzzy sphere harmonics: Yjjri{j,jt}t' ^Jm{jsjt) and Yfrn{3,jt)a' 
respectively. Then the field are expanded as follows; 

1 Js+n Q 

js +jt J 

^ = J2 J2 J2 tjrnU,n) ® '^J^^ ^ 

'S'* J=\js-jt\fn=-.I 

^" = EE 'e E nnu.n)c.^^ni, (59) 

s,t K=± ij—y^_j^^ni= — U 

where Q = J+^i^, Q ^ J-^i^, U ^ J+^ andU ^ J+i ^. From the 
properties of the fuzzy sphere harmonics (jB.6p in [Appendix B[ the quadratic 



More explicitly, these arc given by 



Q|p=+i = -' + l, Q\p=+i = J, Q\p=-i = J, Q\p=+i = J + i, 
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action can be rewritten as 






YMlGa 



Y: P^(J+lf Tr(xt*)t^t*i)- E Tr[[ao,X,„.,](-*)t[^„,x^„^] 



l(s,*) 



p,Q,m 



p,Q,m 



^J(J + l)Tr 



J,m 



Jm Jjn 



^ v/j(jTT)Tr[ a[;,f[ ao,Xj^o l^^'*^ 



J,m 



Next, we introduce the Cartan-Weyl basis {Hi, Ea,E-a) satisfying the relations: 

[ H„ Hj]=0, [H„E^]^ a, ■ E^, [ E^, E^^ ] = -r^a^H^ 

El = S_„, TviE^Ep) = S^+a^o- (61) 

Then, we expand each N x N matrix X in terms of the Cartan-Weyl basis as 

X - X,H, + Y, i^o^E^ + ^-a^-o) (62) 

and we choose the gauge for the localization configuration cfq as ctq = diag(cri, • • • , ctjv) 
F°l . In terms of the basis, the action becomeqill 



s: 



YMlGa 



ETr 



J, rn . Q. 



( q(s,; 



Q(s,t)t T^Q(s,t)t\ p 

^JmO ) '-J 



a(s,t) ' 



Jm 



X 



a(s,t) 
JmO J 



Y E ((J+l)' + («-^)')Tr 

P=±lQ,m,Q 



J?np Jnip 



,(63) 



where C / is the 2x2 kinematic matrix of X 



a{s,t) a(s,i) 
JmO ' ''^Jm ' 



whose component is 



Cj 



(f) J(J + 1) fyj(J+T)(a.a) 



vA7(JTT)(a • a) 



(a-a)^ 



(64) 



In order to find the eigenvalues, we have to diagonalize the matrix Cj. After the 
straightforward calculation, we find that the eigenvalues of the matrix are and 

( f)^ J(J + !) + («• a)"^. Since the eigenmodes (a • cr)cr(*'*) + f a/J(J + l)X^t«*d 
associated to zero eigenvalue are gauge modes, it can be removed by the BRST 
procedure as we will see later. Hence, the one-loop determinant associated to 
the fields {at^'\xf:,'^) is det"^/^ A^^^„ with 



(60) 



J.m,ct 



detA^;,o= n (t) {J{J+l) + {o^-<r?) 



(65) 



10 For U{N) case, JZ^eA /(" ' o") = Ei<a#i,<]V /('^'^ " '^b)- 

11 Here we drop the terms independent of a since these terms become only irrelevant overall 
constant. 
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However, this factor is exactly canceled to the factors coming from the one- 
loop determinant of ghosts and gauge fixing delta functions in BRST procedure 
(See | Appendix D| ). Therefore, the one-loop determinants of the transverse parts 
Xp=±i give the bosonic part of the one-loop determinant of the Yang-Mills 
action det~^'^ A|.|p=±i with 



js+jt 



J+1 



detA^ip=H.i=nn n n 

detAii,._,.nn "n" n | 

s,t aeA,J=\j^-jt\-lm=-J I 



- {J+ir + {a-ay 



(J + l)2 + (a.a)2 



(66) 



Next, we calculate the contribution from the fermionic fields. The La- 
grangian of the gaugino at quadratic order is expanded by the spinor fuzzy 
sphere harmonics as 



l-XY[L„X]+'-~X[ao,X]-jXX 



E 



1 It 3 

-K \J + - \ +ta ■ (T 



T(s,t)at ,a(s,t) 
j7nK JniK 



(67) 



By integrating out A/^^ , Aj^^, one can obtain the fermionic part of the one- 
loop determinant Aa|k=±i as 



detA.u.+, = nn n n 

■j,+jt-l/2 J 

detA.i_, = nn n n 

s,t cxeAj=\js-jt\-l/2m=-J 



3.2. Matter sectc 



-{J + l)-i{a-a) 



-(-J-- 



i(a ■ a) 



(68) 



Localized configuration 



Since the reduced matter action S^-^^^ itself is rewritten as 



Ef^'S'fcm = ^E^eTrAf^ 



V'V' - 2i0((TA - (7b)4> + 



2(g-l) 



we can choose the deformation term Q ■ V as the reduced action S^.^^. From 
(|5D|) . the localized configurations are trivial: 



^^-i/^^F^i^^O. 



(69) 
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1-loop determinant 

Here we calculate the one-loop determinant of the U{Mi) x U{M2) bi- 
fundamental matter. We rescale all the matter component fields as $ — > -i=$ 
and substitute the localization configuration into (I50|) . Then, in the large t 
limit, only the quadratic part with respect to the matter component survive as 
follows 



•i.'vin no,,„=. — -Lr 



kin I Gauss " ^'^ M2 



y) ' {Lf^ - 4>Lj)\Lfct> - ^Lj) + 4>{a^ - a^f, 



*(29-2)^.-A_-i3^, , 9(2-9), 






(70) 



Here L^ and L^ are the classical field configuration of reduced gauge fields X^ 
and y, respectively; 

L^^0i(-)«1^^, l^=0l(-)«i^^. (71) 

s=l s=l 

(T"* and a^ are iVi x iVi and N2 x A'^2 classical scalar field configurations in the 
vector multiplets. 

Expanding <j) and V' in terms of the fuzzy sphere harmonics as 

js+jt J 

'^ = Z] I] Y. ^/™0-=Jt)®<^Jm ' 

^p = T.T. 'J2 E n„o.,.)«®^tl (72) 

s,t K=± if^^j^_j^^m=-U 

and integrating out j„ , "0 jmK ' ^1^*^ 1-loop determinants of each field are eval- 
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uatcd in the similar manner to the vector multiplet as 
detAl 



Ni N2 js+jt J 

nnn n n 

s.t a=lb=l J=\j^-jt\rn=-J 



~ ^2 , *(2g-2) 



^ , J(J + l) + (cra-CTb)'+ ^ 



(o-a - O-fe) + 



9(2 - q) 



P 



Ni N2 js+jt J+1/2 

detA,u.+, = nnn n n 

s,t a=lb=lJ=\j,-jt\m=~(J-l/2) 
Ni N2 js+jt-1/2 J 

detA,u. , = nnn n n 

s,t a=lb=lJ=\j^-jt\-l/2m=-J L 



-J + l{(Ja - O-h) 



2 / T 3\ ., . , q-2 



(73) 



where we take the diagonal gauge Vq — diag((Ti , • • • , <tn-^ ) and a^ — diag((Ti , • • • , o^n^ 
The one-loop determinant of the bi-fundamental matter multiplet is given 

by 



det A.0 |k^+i det A^l^^^i 
detA2 



(74) 



4. Planar Large N reduction 

In this section, we show the large N reduction for the free energy and the 
BPS Wilson loops in the planar limit. 

4.I. Free energy 

Here we consider the large N equivalence for the free energy. We consider the 
G — Y[i=i U{-^i)gi reduced quiver CSM theories with any number of the bi- 
fundamental and adjoint matters. For a later convenience, we introduce gi := 
5cs,r/^53 , where gcs,ri is the coupling constant of the U{Mj) reduced CS 
theory. Let to/j be the number of the chiral multiplets with the bi-fundamental 
representation under U{Mi) x U{Mj) for / 7^ J or with adjoint representation 
for I = J. We take the following limit 

iV/ — >oo, i^— >oo, s-oo with A/ = — ^ = — = hxed, = hxed, (75) 

v n ki Nj 

which corresponds to the 't Hooft limit in the original theory. If we define the 
free energy in the original theory and the reduced model as F"^"^ ~ log Z'^'^ and 
F^ ~ \ogZ^ , respectively, the statement of the large N reduction on S^ is 



F' 



'3d I 



pr 



I planar 



(76) 



planar 
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For the U{N) pure CS theory, this relation is shown by using the Feynman 
diagram technique [5J,|2J]. In the hmit v — >-(X), n/v^oo, combining (l66l) and 
(p5|) . the one-loop determinant for the vector multiplet is given by 
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(a -a)' 



det Aa|k=+i • dot AaU=-i 



^detA^|p=+iVdetA^|p=_i 



- n {(--rrnUj) +(«-)^ 

aeA+ n=l ^ 

n 22''sinh2''(7r;(ai-a,^)). 

l<a<6<7Vj 

From (j73p . the contribution from the the bi- fundamental matter is 



(77) 



det Ay, |k=+i det A^ |k=-i 



detA2 



nn 



a,b n=l 

TVj Nj 



n±l_£+,(^/_^^^) 



n-1 






a=l b=l 

where S6(x) is the double sine function defined by 
mb + nb' 



Sbix) 



n 



2 *^ 



to6 ^ 



§ -l-zx' 



with Q 



-i 



(78) 



(79) 



Here we note that the one-loop determinants of the original U{Ni) M = 2 
super Yang-Mills theory and the U{Ni) x U{Nj) bi-fundamental chiral multiplet 

are Ui<a<b<N, 2^ sinh'inliai - ai)) and ifaU Y{b=i ^i(* - *9 - K< ^l))- 
Therefore, the one-loop determinants of the reduced model are the i/-th power 
of the original one. From (|77p and ([78| . the partition function of the G = 
]^j^-^ U{Mj)gj reduced supersymmetric quiver Chern-Simons matter theory is 

. A Nj / A Ni \ 

Z^ = mT]daiA^{a)e.J.y:y'4LaiA, (80) 



1=1 a=l 



7=1 a=l 



A/ 



where the A(cr) is same as the one-loop determinant of the G — Y\i=i U(Ni)kj 
three dimensional quiver supersymmetric CSM given by 

^(^) = n n 2' smh^TTliai ai)) [] JJ sf''' i^ - ^q - K'^i - ^l))- (81) 

/ a<b I, J a,b 

In order to discuss the correspondence for the planar free energy, we write down 
the saddle point equation of the reduced model as 

dS:„, .. /„ 2iNr 



= 



d, 



^{a*) = '^{d.,logA{a* 



A/ 






(82) 



For the detail, see [Appendix E] 
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where S^g is the effective action given by 

S,V = .flogA(a)+X:E^-fy (83) 

\ 1=1 a=l ^ ) 

The planar free energy is dominated by the solutions of the saddle point equation 

^nplana.. = ^cV(^*)- (84) 

In order to write down the planar free energy more explicitly, we introduce the 
eigenvalue density p^ {x) for a^ — diag(cr(, • • • , cr^) 



Pi{^)--^^Y.{K^-<yi*)). (85) 

Here a]^ are the solutions of (|82p . In the large Ni limit, pi{x) approaches to 
the continuous distribution with the normalization condition 

dxpi(x) = 1. (86) 

Since S'^^g is proportional to the original one, the saddle point equations for 
the reduced model (f82|) are same for the U{Ni) quiver CSM matrix model. 
Therefore the resolvents and the eigenvalue densities of the two theories are 
identical with each other. In the Nj — ;> oo limit, the summation is goes to 
integrand 



1 ^' r 

^^ wT.f^'^a)^ / dxf{x). (87) 



Thus, the planar free energy is described by the effective action S^g with respect 
to the saddle point (15^ as 



I planar 



> -— p.v / dxx pi{x) 
^Nj I dxdx' \og2^ sinh^ {-Klix - x')) PI {x) PI {x') 

J JcixCi 

Y, ^i^J / ^^^^' log 4=Y (* - «9™ - Kx - x'))pi{x)pj{x') 

II JCixCj 



uF^" 



planar " 



which is nothing but (|76p . Thus we show the large N equivalence for the planar 
free energy. 

^.2. BPS Wilson loops 

Here we consider the large N equivalence for the BPS Wilson loops. 
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BPS Wilson loop preserving 2 supercharges 

We consider the following type of the Wilson loop 

Wr{C) := ^i-^trflPexp(i" rfr(zX,(r!3)e;(T)dx^ + (7|i(r)|)). (89) 

Here R denotes the representation under the U{N) gauge group and tr/j is 
taken over the representation R. When the integration contour is the great 
circle of 5''^, Wr{C) preserves two superchar g es p aL ISa . |57| . For example, if 
we embed Wfl(C) into the ABJ(M) model [29J, |58| and integrate out auxiliary 
scalar a, we can regard the Wilson loop ([M)) as 1/6-BPS Wilson loop [59,]. It 
has been conjectured that the Wilson loop with the different representation 
R corresponds to a different quantity on the gravity side. For instance, the 
gauge/gravity duality states that the Wilson loops with the fundamental, sym- 
metric and anti-symmetric representation are dual to the string, D2-brane and 
D6-brane worldvolume, respectively |55| . 

If the contour is the great circle, then we can choose angular velocity \x{t) \ = 
1 without loss of generality. The expectation value of the Wilson loop is defined 

by 

(W^^(C)) ■■=^1 T^l^WniC) eM-S^"). (90) 

Here 2?/i is the integration measure of the supersymmetric CSM theory. Corre- 
spondingly, we consider the following operator in the reduced model 

Wj,(C) := -i_Tr^Pexp(^ dr(iX,e;(r)dx'^ -I- a|i(r)|)) . (91) 

Here the representation R is defined by R :— ®/^i lni®R- The dimension of R 
is dimi? = ni^dimi?. In [23|, it has been shown that this operator corresponds 
to the angular average of the original BPS Wilson loop operator in the 't Hooft 
limit. The operator at localization point can be written as 



Wr{C) = ^Trflexp(zflftL|"=^(»ljv dTeUT)dx'^-f 2^/01„, ®ao 

dimit! ^ ^ Jc y~i 

= T-^Tr^ exp (27:1 1„, ® ctq) 
dmi/t ^ r^ ' 

= ■^—^trnexp[2TTl<Jo). (92) 

Note that this is same as the Wilson loop in the original theory at the localization 
configuration [425 • The expectation value of the Wilson loop is defined by 

(WniC)) := ^ / dX.dX ■ ■ ■ VK^(C) exp(-5'-) (93) 
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From the localization argument, the expectation value of the BPS Wilson loop 
is given by 



A Ni / A Ni 



-I /.^j*i I AT \ 

^^«^^)^ ^ dtaIi?Z^ y n n daiA''ia)tr^e.p{2nlao) exp L^ J^ ^af . (94) 



7=1 a=l \ 7=1 a=l 



In the large Ni limit, the expectation value of the Wilson loop can be also 
evaluated by the solutions of the saddle points equation (|82li^'^l and becomes 

{Wj,{C)) ^^-^j dx p(x)tr7?exp(2^?a;) = {Wr{C)). (95) 

Thus we show the large N correspondence for the Wilson loop (PU| in the planar 
limit. 

1/2-BPS Wilson loop in the ABJ(M) theory 

In [e^, the authors construct the 1/2-BPS Wilson loop in the ABJ(M) the- 
ory, whose form is given by 

SWr{C) := :TT^tr7?P expf / drL) , (96) 



L:= ' -^ ^- '^^ 



dimi? \jQ / 

where L is 

' ^X,{n^)el{T)x^^ + a^(f73)|i(r)| J^f |i(T)h-(r)V;^(f]3) 

i^\x{T)\i,f{n^)ni{T) zr,(r!3)e^(T)i^ + cjB{n^)\x{T)\^ 

(97) 
Although rjf{T) and r]f{T) are the parameters determined by requiring super- 
symmetry, these are irrelevant on the localized configuration. Correspondingly, 
we consider the operator in the reduced model: 

SWf^{C) := ^-^tr^Pexpf/ drL), (98) 

dimi? ^Jc ' 

where L is given by 

^^^ /zX,e;(T)i^ + a^|i(r)| i ^\x{T)\vt<f {rWc . 
\ i^\x{T)\rif]i{T) iY,e^^[T)x^+aB\x{T)\^ ' 

This operator at the localization point can be written as 

1 ( e^^^-^o \ 



^''We assume the rank of the representation is small and the saddle points are unaffected 
by the insertion of Wilson loop operator. 
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which is same as the one in the original theory at the locahzed configuration 
[60|. From the locahzation argument, the expectation value of the BPS Wilson 
loop 



■^ T 1 ^ 1 



„2-Kla 



7=1 a=l 

2 Ni 



iN, 



xexp .^^^af (101) 

\ 7=1 a=l ^ / 

In the planar limit, the expectation value of the Wilson loop can be also evalu- 
ated by the solutions of the saddle points equation, which is same as the original 
one. Therefore, we conclude that this is same for the expectation value of the 
Wilson loop in three dimensions. 

5. M-theoretic Large N reduction 

So far, we have considered the large N reduction on S^ for the planar limit: 
A^7 — > oo, -jT- = fixed. In this limit, many supersymmetric quiver Chern-Simons 
theories have been conjectured to be dual to the type-IIA string theory on 
certain backgrounds. However, the gauge/gravity duality suggests that these 
theories are also dual to M-theory on certain backgrounds for the M-theory 
limit: Ni -^ oo,ki = fixed. Let us consider the large N reduction on S^ in 
the M-theory limit. This is highly nontrivial in the following reason. First of 
all, we do not well understand general properties of the field theory in the M- 
theory limit although there are recently a few developments [34l |35| . Secondly 
we emphasize that any perturbative argument is unavailable for justifying the 
large N reduction in the M-theory limit. Finally, it is nontrivial in this limit 
whether an usual large N factorization as for the planar limit occurs or not. 
Therefore, we expect that an usual argument by Schwinger-Dyson equation [8| 
is not also useful. Now we can perform non-perturbative argument thanks to the 
localization method. Let us consider the following limit in the reduced model: 

Tl Qi 47r 

TV^-oo, i/^-oo, ^oo with — = -;-= fixed, (102) 

i^ n kj 

which is the counterpart of the M-theory limit in the original theory. In this 
limit, the partition function of the reduced model becomes 



„ A Ni / a N, . \ 

-' 7=1 a=l \ 7=1 a=l ^^ / 



Z'- = dai/^^{a) exp U > > ^ -^a^' (103) 



which is formally same as the planar partition function (|80p if we replace gj = 
j^. As in [SJ] , we assume that a saddle point for the integral exists in the limit 
(|102p . The saddle point equation is 

a,,logA(a*) + ^c7i*=0, (104) 

9i 
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which is same as the one of the original theor30 hi the M-theory hmit 3J] if we 
substitute ^ — |^. Therefore, we conchide that the relation of the free energy 
between the reduced model and the original model is 

— = F^'^, (105) 

V 

also for the M-theory limit. Similarly, the correspondence also holds for the 
BPS Wilson loops ([M|) and ([TO)) in the limit since the saddle points are same 
with each other. 



6. Conclusion 

In this paper, we show the large N reduction on S^ in the BPS sector for 
the general A/" > 2 supersymmetric quiver Chern-Simons theories by using the 
localization method. In particular, we calculate the free energy, expectation 
values of 1/6-BPS Wilson loops and 1/2-BPS Wilson loops. Remarkably, it 
turns out that the large N reduction holds even for the M-theory limit. Although 
we have shown that formally, we ask "What does this mean physically ?" . We 
are suspicious to that this is related to a smooth connection between the planar 
and M-theory limit, which has been recently observed for the free energy [481 



M |61|, |62|, 1351 |47[ and BPS Wilson loops [451 in the ABJM theory. These 
results imply that the free energy and BPS Wilson loops in the strong 't Hooft 
coupling regime after taking the 't Hooft limit are same as the ones in the M- 
theory limit if we simply replace A = N jk. Therefore, we expect that such a 
smooth connection between the 't Hooft and M-theory limit is one of sufficient 
conditions for the large N reduction in the M-theory limit. 

We remark on an important point that the reasons why our localization in 
the reduced model works well are following. When we performed dimensional 
reduction of the theories on S^ ^ flat directions of the reduced gauge fields in the 
Q-exact term disappear and emerge the non-trivial fuzzy sphere solution at the 
localization points. This is quite different from the localization of the reduced 
models on flat space which suffer from the divergence coming from the flat 
directions. We expect that our localization method is useful to show the large 
N reduction in other theories defined on S^\ In [63[, the large N equivalence 
between the M — ^ super Yang-Mills theory on R x 5''^ and the plane wave 
(BMN) matrix model [64J on R has been proposed. The localization of this 
system will be studied in our future work. 

Applications to the same class of theory on different space would be also 
interested. For instance, the theories on S*^ x S'^ and squashed S^ are studied 
in [GsI, |66|, ISO, [SlJ . In particular, since the squashed S^ is neither compact semi- 
siniple group manifold nor its coset space whose reduced model is constructed 
in [iTJ, |l8| , it may give some insights to emergent geometry. 



^* While a standard analysis in the planar limit assumes that edges of eigenvalue distribu- 
tions is 0(1), we must consider that edges of eigenvalue distributions in the M-theory limit 
depends on Ni in order to obtain a nontrivial solution. See the (34j for detail. 

24 



Note added 

When our paper was ready for submission to the arXiv, there appeared a 



paper [67| which has overlap with ours. 
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Appendix A. S^ as SU{2) group manifold 

In this appendix, we summarize properties of S^. Let us start with the 
parametrization of the unit S^ by an element g of the Lie group SU{2): 

g ^ g«"73g«e72g»/373 (A.l) 

e'("+^)cos6' -e*("-^)sin 
e"'("^^)sin6' e~*("+'3) cos 



_p-i{a^fi) ^,^n „-j(a+,3) fl ; ' (^-2) 



where 7* (i ~ 1, 2, 3) are Pauli matrices and 0<6'< ■|,0<a<7r,0</3< 27r. 
The left invariant 1-form \x is defined by 

g-^dg = z/i^y, (A.3) 

which satisfies the Maurer-Cartan equation d/z' = e*^*''//-' A/i*^. The left invariant 
1-form \i gives the metric of S*^ with the radius I as 

ds^ = ^f\.Y (dgdg-^) = Z^V 



= f 



d9^ + da^ + {d(3 + cos 2eda)'^ . (A.4) 



Defining the dreibein in the left- invariant frame as e* = Z/x', each component of 
e is explicitly given by 

e^ = ?(-sin2/3d6'-|-cos2/3sin26'da), 

e^ = Z(cos2^d6'-|-sin2/3sin26'da), 

e3 = l{dl3 + cos2eda), (A.5) 
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where e* satisfies de^ — jt^^^e^ /\e^ from the Maurer-Cartan equation. The spin 
connection in this frame is 

uj'^ = ye'^'^e^ (A.6) 

The KiUing vector Ji dual to e* is 

J^ = Y^elda (A.7) 

where a = 9,a, j3 and ef is the inverse of e^. The exphcit form of each Ji is 

Ji = — ( - sin 2l3de + ^'^^ Ji da - cot 26* cos 2/35/3 
2« \ sm26' 

J2 = — I cos2/39e H -9^ — sin 20 cos 2/39« 

2« \ sm2t' 

^3 = ^^dp (A.8) 

and these satisfy SU{2) algebra 

[ J^,Jj]^ ie^jkJk- (A. 9) 



Appendix B. Fuzzy sphere harmonics 

In this section we briefly review the definition of the fuzzy sphere harmonics 
and their basic properties. Let Li {i ~ 1,2,3), i^" and \j,m), (m = —j,—j + 
1, • • • ,j) be the generator of SU{2), the n — 2j + I dimensional irreducible 
representation and a basis of the representation space, respectively. 

Then the tensor products \j,m){j' ,m'\ span a basis of (2j + 1) x (2j' + 1)- 
dimensional representation. Li acts on \j,m){j' ,m'\ as 

Lto \j,m){j',m\ :=i|"-'|j,m)(j',TO'| - |j, m)(j', to'|l|" \ (B.l) 

where n = 2j + 1 and n' ~ 2j' + 1. The scalar fuzzy sphere harmonics is defined 

by 



Here Cj^,_j., are the Clebsch-Gordan coefficients. The fuzzy sphere harmonics 
also spans a basis of the tensor representation. The vector and spinor spherical 
harmonics are defined by 

^jmiiiMi -^ ''■''^inC^Y^ ,..,), (B.3) 



Jm{jj')i ■ ™ Qpin Qp(jj')' 



Yjm(n')a '■- ^nllr,^Qv(Tl')- (^-4) 
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Here a = 1, 2 and Q = J + ii^, g = J - -^i^, t/ = J + i±^, t/ = J 
with p = —1, 0, 1 and k = ±1. P^ is 3 x 3 matrix defined by 

1 1 
V= \ -i i\ . (B.5) 

%/2 

The fuzzy sphere harmonics satisfies the following useful formula, 



LiO LiO Yjjj-^(^jji-j ~ J{J + l)y7,„Qj/), 

ih,ft ft, Jm{jj')n Jm{jj')t ' ^ ' Jm{jj')t^ 

{YapL, o +^S^p)yJ^^,,,)p - 'tlJ + 4)t7™oy)a- (B-6) 

Here 7% (i = 1,2,3) are the Pauli matrices. The orthogonal relations of the 
fuzzy sphere harmonics are 



-tr (yI , . .,,Y^ 



Jimo, {jj') j — '-'Jl Jl "mi m2 i 

-tr fy''^^ Y^^ \ — S Sj 7 s 

~^^ \yJimi(jj')i^.J2m2(n')i) = °KlK20JiJ2"mim2- (B-7) 

Appendix C. Supersymmetry 

In this appendix, we summarize the supersymmetric transformations of the 
M = 2 super CSM theories on S^ and their reduced versions. These theories 
consist of the Af = 2 vector multiplets and the matter chiral multiplets. 

Appendix C.l. Gauge sector 

The M = 2 CS action ^cs and SYM action Sym on S^ are invariant under 



the supersymmetric transformation [42|: 



1 — 

5Aa = --(e7aA- A7ae), 

5a = -(eA-Ae), 

5\ = -l^^eFab -De + ij^'eDaCr + 2iae, 

6X = ^-f'^'^eFab + Di ~ ij^'Waa - iai, 

SD = ^^ej-DaX-'-Dah''e+'-[eX+~Xe,a]+'-{iX~Xe), (C.l) 
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where e, e satisfy the kihing spinor equation: 



e=2l^,ri?.? 



AP 



(C.2) 



Correspondingly, the reduced JV = 2 CS action S^g and SYM action Sym 
are invariant under the transformation; 



Sa 
6\ 
5~X 



-(e7,A- A7je), 
(eA - Ae), 



Y'ef.j + De, ~^'e[X,,a] + j^ai, 



6D = -leY[X,,X]-^[X,,~X]fe+'-[eX+~Xe,<j] + j{-eX+~Xe), {C.3) 
where fij is the reduced version of the field strength 



jXk — -ekhni Xi,X„ 



(C.4) 



Note that this supersymmetry is off-shell and therefore the localization works 
well. Moreover, the reduced Af — 2 SYM action is written in the following 
Q-exact form 



eeS*- 



YM 



SgS.Tr 



ri 



-XX~2Da 



(C.5) 



Appendix C.2. Matter .sector 

Next we consider the supersymmetric transformation of the chiral multiplet 
(0, ip: F) on S^. The transformation is constructed in 14 2| for the canonical 
i?-charge assignment and extended to general i?-charge in [43|, |4^ . We suppose 
that the matter chiral multiplet is in the bi-fundamental representation under 
the U{Ni) X U{N2) gauge group. The Lagrangian is 



£ 



kin 



= Tr 



g(2 - q) 
P 



{aA-(TBf4> + 



i{2q-l) 



(a A - ctb) 



(f>(f> + i(j>{DA-DB)ct> + FF 



-iipYDiip + iip{aA - <Jb)iP r^ — V'V' + iiPi^A - As) 



i(t){XA - Xb)iP 

(c.e 
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The action is invariant under the supersymmetric transformation: 



S(f) = ei/;, 

6(f) = fijj, 

StP = i^°'eDa4> + i^crABfj) + 2gie0 + IF, 

Sip = i^°'eDa<p + ifpaABf- + '2qi(j)e + Fe, 

SF = e(^7'^i^a^-^aAsV'-^A0)-^(2(?-l)^V, 



(C.7) 



where aAB = (Ta — o'b and q is -R-charge of scalar field 
The action of the reduced model for the matter is 



or 



Tr 



{X,(j) - 4>Y^)\X,cj) - 4,Y,) + ^CJA - rrsfcp + 



»(2g-l) 



{a A - (TB) 



g(2 - q) 
P 



4)4) + i4>{Da-Db)4> + FF 



-il^YiXiil^ - ijYi) + itJj{aA - (Jb)iP ■ 



q-2 



iptp + i'4'{\A ~ Ai 



i(j){\A - As)'0 
(C.S 



This is invariant under the fohowing supersymmetric transformation 



Sip 



eip, 
e-ip, 



leuABf, 



r' 



IF, 



Sip ~ 'y^eDlcp + i(paAB(--~ -f4>^ + Fe, 



SF = e{-fWliP-iaAB4'-^M) + ^^eiP, 
SF = 



q~_2 
I 



' (7*L'[V - ii^cFAB - icpX) H -, — eip. 



(C.9) 



where we define D^cp '■= Xi(p — (pYi. 

The reduced matter action is also written in Q-exact form as 



eeSl 



(5.5, Tr 



ipip - 2i(p{aAB)4' + 



2(g-l) 



(CIO) 



Appendix D. Gauge fixing 

There are zero-eigenvalue in the matrix ([M)) associated to gauge modes. In 
this appendix, we consider gauge-fixing of these modes. The BRST transforma- 
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tion is defined by 



6\-jL, + X, 



I 



-Li + Xi,c 



5 {a + (j)) = — z cr + 0, c 

5c = i{c^c\, 
5b = B, 
5B ^ 0. 

The gauge-fixing action plus tlie gliost action is 

Sgf+fp = 5Tr{bG) = Tr (BG + b5G) . 

Here G is the gauge-fixing function 



G = [ao, 



y I Li, X 



n ^^l J: 



(D.l) 

(D.2) 

(D.3) 
(D.4) 
(D.5) 

(D.6) 

(D.7) 



which is same as the eigenmodes associated to the zero eigenvalue. Integration 
over the B field generates the delta function constraint 5{G) and actually fix the 
gauge modes. However, the integration measure of the gauge mode is normalized 
as / dG/^/G, the normalization the delta-function 5{G) = -^S{G/VG) gives 
additional factor: 



js+jt 



nn n n i ^(^+i)+(--) 



s,t aeAj=\j^-jt\m=-J 



-1/2 



dct A^ 



(D. 



,X0 



Next we evaluate the Fadeev-Popov determinant. The BRST transformation 
of Gis 



5G = -i[ o-Q, [ cro,c ] 
and the ghost action can be written as 



^'T 



-Li, [ Li,c \ \ 



(D.9) 



Tr(6,5G) = iTr[-b[ao,[ao,c]]+(j] b[L,,[L,,c]]] (D.IO) 



iTr [cro,b ][ cro,c] 



b[ Li, [Li,c] 



(D.ll) 



The ghost fields are also expanded in terms of the scalar fuzzy sphere harmonics: 

s,t s,t J—\j^—j^\'m— — J 

js -\-jt J 



s,t J=\j^-jt\rn=-J 



(D.12) 
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2X2 



Then we obtain the ghost action: 
Tr{bSG) = i^Tr[ [ao,M^''*^[ ^^0,0 ](*'")+ (y) 6("'*)L,oL,oc(*^^) 

s,t ct,J,m 



\ 2 

Q(s,t)t a(s,t) 



(« -«'^'ct'*^ + (y) ^(^ + i)&: 

(D.13) 



Integrating out bj^ and Cj|^' , the 1-loop determinant for the ghosts is 

detA,,„,,, = nn n" n j(y)'^(^+i)+(«-^)4 

= detA^^^o. (D.14) 

We can see that the one-loop determinant of (cr, X°), (jD.SP and (|D.14p are 
canceled out with each other. 

Appendix E. Detailed calculation of the 1-loop determinants 

In this appendix, we present the detail explanation for degeneracy counting 
of the one-loop determinants and derivation of ([77| and ([78|) . 

Appendix E.l. Gauge sector 

First of all, we estimate the one-loop determinant of the reduced YM action. 
The bosonic one-loop determinant consists of two parts. 

detAii,=+i = nn n' ff \{^\j+^f+i-^--f] 

s,t a6A J=|j,-jt| m=-(J+l) l^ ^ J 

].+jt f /r,\ 2 ^ 2(2 J+3) 

- nn n (y) (^+if+(a-f 

aeA+ s,t J=\s-t\/2 I ^ ^ ) 

If we take the limit - — > oo, the determinant becomes 

detAii,.+i = nn n \[\) iJ+^f +{-■-? \ (e.i) 

aeA+ s,i .7=|s-t|/2 I ^ ^ J 

In order to simplify the products, we count the degeneracy number of (s, i) 
giving a same value of J. First, note that possible values of (s — t) giving a 
same J is —2 J, —2 J + 2, • • • , 2 J. Next, the number of (s, t) giving a fixed 
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as 

2J 



value of |s — i| = ?7i is (z/ — m). Thus, wc obtain the degeneracy number 

2J 

Y^ {i^-m)^{2J+l)jy-2J{J + l) for 2 J = even 

?n— — 2J,?n:cven 
2J 

Y^ {i^-m) = {2J+l)iy-2J{J + l) for 2 J = odd. 

?n— — 2J,m:odd 

(E.2) 
Therefore, a part of the bosonic one-loop determinant is rewritten as 

CO C . s 2 ^ 2(2J+3){(2,/+l),y-2,/(,/+l)} 

detA^i,=+i ^ n n (t) iJ+^r+(o^--f\ 

aeA+ ,7=0, 2,7+leZ I ^ ^ J 

CO r / -, \ 2 ^ 2(n+2){n7/-(n-l)(n+l)/2} 

- nn T +'""1 

CO r / \ 2 ^ 2n(n+2)7/-(ri+2)(n-l)(n+l) 

= nn T +<°-4 

r/-|\2 1"^°° r/nx2 N 2(n+l)(«-l)7/-n(«+l)(n-2) 

- n G) +(--)^ n{(?) +(--)^| (E-3) 

aeA+ I ^ ^ J n=l *- ^ 

The other part can be evaluated in a similar way. 



• X 



(s,t)| 



detA^i,_i - nn n n y iJ+ir+ic^--r\ 

oo r / X 2 ^ 2n(«-2)7/-(n-l)(n-2)(n+l) 

qGA+ n=l I ^ ^ J 

oo . s 2(n+l)(n-l)i.-«(n-l)(n+2) 

= n {(--)'} n{(y) +(--)'} (E-4) 

qGA+ n=l ^ ^ 

Next we count the degeneracy of the ferminonic one- loop determinant. 



32 



• A|k=+i 



detA.u.+i = nn n n |y(j+i)-*(«-^)| 



:,t aSA J=|j,-jt|m=-(,/-l/2) 



oo 

n n 

qSA^ n=l 




\ nL/{n-\-l] 

■af> 


|-(ri- 


1)("+1)' 


/2 


TT Ir 


D^ 




1 oo , „ 

n (?)' 

n=l ^ 


+ (a 


■"'1 



yn(n-l)-n-' (n-2) /2 

(E.5) 



j;,+jt-i/2 J 



nn '"n n {K-^-^)"^^""^)} 



detAAU=-i = 



- nn n (y) ('/+^) +("-n 

oo r / 1 \ 2 ^ n7.(n-l)-(n-l)2(n+l)/2 

aeA+ n=l t ^ ' / J 

oo I- 2 wi(n+l)i'-n=(n+2)/2 

= n njG) +("-)^} ■ (E-6) 

QeA+ n=l ^ '' 

Combining these result (jE.3|) . (jE.4|) . (jE.5|) and (|E.6|) we obtain in the v -^ co 
hmit: 

det AaU=+i -det AaL=-i tt r. n2i2i'tt f/"-\^ ^ 



: -^- II -^ \ { y ■ () ] ? 11^1 — I -\- i ( y ■ () 

^dct A^|p=+i • ^det A^|p=_i 



n {(«-n"n (7)"+'--' 

aeA+ ri=l ^ 

00 . ,,,. ^ 9 , ,9/ ^2 ^ 2iy 



n {("-)m(7) 



4"^ [n^ + P{a ■ aY 



QeA+ n=l 

^^ I nla ■ a 

[| (2sinh(7r;(a-CT)))'". (E.7) 

aeA + 
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From the second line to the third hne in the above equations, we used the 
following formula: 



°° / 2 1 2 



n 



sinh (ttx) 



\{n' = e2«'(0) = 2^, 



ra=l 



n 



oC(0)logc 



(E.8) 

(E.9) 

(E.IO) 



Appendix E.2. Matter sector 

Next, we study the matter sector. The degeneracy counting for the matter 
one- loop determinant is parallel to the vector multiplet. The calculation for 
bosonic part is following: 



detAl 

nn n n 

s.t 1^.12 J=|j„-jt| m=-,7 
js +jt J 

nn n n 

s,t /i,/2 J=\j^-]t\ m=-.J 



'j(J+l) + (a,, -az.f + ^^^V^ 



(ct/i - (7/2 



9(2 - q) 



P 



j J{J + 1) + (ai, - ai, + 2|) \^Gi, - ~oi, + *-^^-y^ j 



nn 

/l,-f2n=lL 



n + 1 9 , .A /^ n-1 a .. 



/ Z 



I I 



n^;/-n(n-l)(ri+l)/2 

(E.11) 



The contributions from the fermionic part are given by 



detA^u=+i = nn n n jy^+^K-^^^)-^ 



nnl^+*K--^2)-? 



/i,/2n=l 



ni/(n+l)-(n-l)(n+l)^/2 

(E.12) 



(^'^)L=-i 
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j,+jt^l/2 



det A^|k=-i 



s,t aeA J=\j^-jt\-l/2m=~J 



nn n n ^ti-^z-^^i+^k--/.) 



q-2 



nn 

/, /2 ri=l 



I 



i{ai^ -cri^)~- 



nu[n-l)-(n-lY(ji+l)/2 



.(E.13) 



Thus, in the ;y — >■ cx), we obtain 

det A^|«,^+idet A^|k^-i _ 
det Ai 



nTT -r-j + Ho^/i -'^72) 

[]<(*-z-7-;K-azJ). (E.14) 

h.l2 
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